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1 Quiz Questions

a) Yes, by using states that consist of the current and the previous value in our sequence of
random variables (or, more specifically, by using all possible combinations (current value,
previous value) as states). For a concrete example (which is even a bit more complex since
only for one state the probabilites for the next state depend also on the previous state)
compare the solution to exercise 2c).

b) Yes, since all states have the same period if a Markov chain is irreducible, which yields the
required aperiodicity.

c) By definition, the Markov chain is not aperiodic. The existence of two states with different
periods implies that the Markov chain is not irreducible, because all states of an irreducible,
periodic Markov chains have the same period. It immediately follows that the Markov chain
is not ergodic.

d) We only give some intuition here, no rigorous proofs.

Removing v → u will decrease PageRank(u): “Less PageRank flows to u and more to w
instead.”

Removing u → v will decrease PageRank(u): “Less PageRank flows to v which links to u.”

Removing u → w will increase PageRank(u): “More PageRank flows to v instead of w and
the former links to u while the latter does not.”

Removing v → w will increase PageRank(u): “More PageRank flows to u instead of w.”

e) No, a irreducible finite Markov chain does not always converge to its stationary distribution.
E.g., if you have a fully connected graph consisting of two nodes and you start in one node,
then, in each time step, you will switch to the other node and never converge to the stable
distribution (which has probability of 0.5 for each of the two nodes).

2 Soccer Betting

a) The following Markov chain models the different transition probabilities (W :Win, T :Tie,
L:Loss):
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b) The transition matrix P is

P =

0.6 0.2 0.2
0.3 0.4 0.3
0.1 0.2 0.7

 .

As you might have noticed, we gave redundant information here (by the Markov, ”forgetful”,
property). You only need the information that the Nati lost its last game. Thus, the Markov
chain is currently in the state L and hence, the initial vector is q0 =

(
0 0 1

)
. The

probability distribution q2 for the game against les Bleus is therefore given by

q2 = q0 · P 2 = (q0 · P ) · P =
(
0.1 0.2 0.7

)
·

0.6 0.2 0.2
0.3 0.4 0.3
0.1 0.2 0.7


=

(
0.19 0.24 0.57

)
.

(Note that q0 must be a row vector, not a column vector.)

Hint: We exploited the associativity of the matrix multiplication to avoid having to calculate
P 2 explicitly. This is usually a good “trick” to avoid extensive and error-prone calculations
if no calculator is at hand (as for example in an exam situation ⌣̈).

Given the quotes, the expected return for each of the three possibilities (W , T , L) are:

E[W ] = 0.19 · 3.5 = 0.665

E[T ] = 0.24 · 4 = 0.96

E[L] = 0.57 · 1.5 = 0.855

Therefore, the best choice is not to bet at all since the expected return is smaller than 1 for
every choice. If a “sales representative” of the Swiss gambling mafia were to force you to
bet, you would be best off with betting on a tie, though.

c) The new Markov chain model looks like this. In addition to the three states W , T , and L,
there is now a new state LL which is reached if the team has lost twice in a row.
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The new transition matrix P is

P =


0.6 0.2 0.2 0
0.3 0.4 0.3 0
0.1 0.2 0 0.7
0.05 0.1 0 0.85

 . (1)

As the Nati lost its last two games, the Markov chain is currently in the state q0 =(
0 0 0 1

)
. The probabilities for the game against les Bleus can again be computed

as follows.

q3 = q0 · P 2 = (q0 · P ) · P =
(
0.05 0.1 0 0.85

)
·


0.6 0.2 0.2 0
0.3 0.4 0.3 0
0.1 0.2 0 0.7
0.05 0.1 0 0.85


=

(
0.1025 0.135 0.04 0.7225

)
Finally, we can compute the expected profit for each of the three possible bets:

E[W ] = 0.1025 · 3.5 = 0.35875

E[T ] = 0.135 · 4 = 0.54

E[L] = (0.04 + 0.7225) · 1.5 = 1.14375 .

Now, the best choice is to bet on a loss, as it returns a positive expected return.

3 PageRank

a) With v = (1, 1, 1, 1)


0 1 0 0
0 0 1 0
1 0 0 0
0 1 1 0

 we get a PageRank vector v of (1, 2, 2, 0). We notice

the following problems:

• v4 has a larger impact on the PageRank than the other website. If you imagine PageR-
ank was a political system, we would allow people to have multiple votes!

• Though v4 is just a collection of links, and no one links to it, it can steer the PageRank
quite heavily. Imagine how some companies would create fake websites that no one
references to increase their PageRank!

b) We first calculate d1 = 1, d2 = 1, d3 = 0, d4 = 3 and now get a PageRank vector of

v = (1, 1, 1, 1)


0 1 0 0
0 0 1 0
1 0 0 0
0 1

2
1
2 0

 = (1,
3

2
,
3

2
, 0)

We now reduced the importance of v4. But a single iteration only measures how your
neighbours value you and now how trusworthy those valuations are. By iterating this process
more times, we would increase the impact of valued neighbours.

c) The results of your iterations should look like this:

(i) (1, 1, 1, 1)

(ii) (1, 3
2 ,

3
2 , 0)
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(iii) ( 32 , 1,
3
2 , 0)

(iv) ( 32 ,
3
2 , 1, 0)

(v) (1, 3
2 ,

3
2 , 0)

As you can see, when we cannot get to every state from every other state, we run into
problems. The (1 − α) · R component in the Google matrix M ensures that M is ergodic,
and thus, due to the Ergodic Markov Chain theorem, the process would converge towards the
unique stationary distribution. However, continuing these calculations including R might
get a bit tedious if you are not a computer—so let us look at the other exercises now :-)

4 Chess Walk

a) We want to compute the expected hitting time from one of the 4 center squares (board is
symmetric) to the same square hj,j . From the lecture, we know that irreducible Markov
chains have the following property: πj = 1/hj,j . The stationary distribution of random

walks lemma tells us:πu = δ(u)
2m . Putting both formulas together, we get:

hj,j =
2m

δ(u)

2m can be calculated using hint1 and hint2. Let G be an undirected graph with 64 vertices
and m edges that represents knight moves. Below, we see the degrees of each node in the
chess board graph.

2 3 4 4 4 4 3 2

3 4 6 6 6 6 4 3

4 6 8 8 8 8 6 4

4 6 8 8 8 8 6 4

4 6 8 8 8 8 6 4

4 6 8 8 8 8 6 4

3 4 6 6 6 6 4 3

2 3 4 4 4 4 3 2

Using these degrees and the “degree sum theorem”, we have:

2m = 16 · 8 + 16 · 6 + 20 · 4 + 8 · 3 + 4 · 2 = 336

The middle squares of the chess board have a degree of 8. So, the number of moves on
average for the knight starting at one of these squares to come back is:

1

πcenter square
=

336

8
= 42

b) The degree of a corner square is 2. Using the same method, the answer becomes 336
2 = 168.

c) Let the 2× 2 chess board has 4 squares {a, b, c, d}, with a the bottom left corner and d the
top right corner. The following Markov chain models the different transition probabilities:
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c d
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Now we cannot use the same lemma as before, because we go from a to d and not a back to
a. Instead we compute the expected hitting time directly with:

hi,j = 1 +
∑
k ̸=j

pi,khk,j

We have:

ha,d = 1 + 0.5 · hc,d + 0.5 · hb,d

hc,d = 1 + 0.5 · ha,d

hb,d = 1 + 0.5 · ha,d

Plugging in hc,d and hb,d in the equation for ha,d, and solving for ha,d, we get ha,d = 4.

5 Queues

Before describing our solutions to the different exercises, we note that the respective systems of
linear equations for determining the stationary distributions can of course also be solved in the
standard way you learned in your classes. However, sometimes a look into the structure of the
respective problem (or into the structure of the respective system of linear equations if you will)
can help to solve it faster and somewhat more elegantly, as is the case here.

a) The Markov chain below models the load of the queue:

0 1 2 . . . 10
1
3

1
3

1
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1
3

1
3

1
3

1
3

1
3

2
3

1
3

1
3

2
3

Every loop has a probability of 1/3 except for the first and the last one which have a
probability of 2/3 each. Regarding the stationary distribution π = (π0, π1, . . . , π10), we
observe that π0 = 2/3 ·π0+1/3 ·π1 which implies π1 = π0. By similar arguments, we obtain
π2 = π1, π3 = π2, . . . , π10 = π9. Since the sum of all the πi is 1, the stationary distribution
is π = (1/11, 1/11, . . . , 1/11).

b) Using the same reasoning as in the last solution, we obtain π0 = π1 = π2 = . . . . The only
choice for π0 where the (infinite) sum of the pi does not go to infinity is π0 = 0, but in this
case the obtained π, while stationary, is not a distribution since the πi do not sum up to 1.
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c) Now the Markov chain looks like depicted below:
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In the previous solutions, we started our reasoning on the left side of the chain since π0 only
depended on (π0 and) π1, π1 depended only on π0, π1 and π2, and so on. As we now have
a transition from state 10 to state 0, we start from the other side.

Applying our usual reasoning, we obtain π9 = 2 · π10. Furthermore we observe that, for
each 1 ≤ i ≤ 9, it holds that πi = 1/3 · πi−1 + 1/3 · πi + 1/3 · πi+1 which implies πi =
1/2 ·πi−1+1/2 ·πi+1. In other words, πi is the arithmetic mean of πi−1 and πi+1. We obtain
πi = (11− i) ·π10, for all 0 ≤ i ≤ 10. As the πi sum up to 1, we get π10 = 1/66 which implies
πi = (11− i)/66.

d) The Markov chain including retirement looks like this:

0 1 2 . . . 10

Island
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1
3 + 0.999999 · 1

3

0.000001 · 1
3

1

Since the Markov chain is not irreducible anymore, it could be that there is more than one
stationary distribution now. However, a closer look reveals that there is only one stationary
distribution: Using the argument in the solution to a), we see that π0 = π1 = · · · = π10.
Moreover, πIsland = πIsland+0.000001· 13 ·π10 which implies π10 = 0. Thus, the only stationary
distribution is π = (π0, . . . , π10, πIsland) = (0, . . . , 0, 1).
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