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Markov Chains



Markov Chains

A stochastic process without memory

the next state depends only on the current state



Definition: Markov Chain

» Let S be a finite or countably infinite set of states.

» A discrete-time Markov chain is a sequence of random
variables Xp, X1, Xo,... € S with the Markov property: X;.1

depends only on X}, not on the past X;_1,...,Xp

(“memoryless”):
Pr[Xt_|_]_ = St+1 ’ XO — 50, . .- 7Xt = St] = Pr[Xt_|_]_ — St+1 ‘ Xt = St]

for all t and all sg,...,s:11 € S.
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A First Example: The Weather in Zurich
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The Transition Matrix and Initial Distribution

A handy way to collect the probabilities is through a transition

matrix P:

P =

S C R

S
C
R

2/3 1/3 0
1/2 0 1/2
1/3 1/3 1/3

» Entry p; j = Pr[tomorrow = j | today = i].

» Each row necessarily sums to 1.

» Alongside P, we typically also fix an initial distribution gg
over the states, e.g. go = (1,0, 0) if today is sunny.
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We then used Markov Chains to analyze
practical properties of stochastic systems

Sojourn time
Hitting time/Arrival probability

Stationary distribution



Sojourn Time

» It is sunny today, how many days will it stay sunny?

» The number of time steps the chain stays in state i (from
time t on) is a random variable: the sojourn time T;.

> It holds that Pr[T; = k] = p;; '(1 — p;;) and
Pr[T; > k| = p,ff,-:

T; is geometrically distributed, so E[T;] = —

1—pj;-

4/13



Computing the Hitting Time and Arrival Probability

For the expected hitting time, for all i,j € S it holds

hij =1+ Z Pi khk
oy

4/15




Ergodic Markov Chains

» Finite, irreducible, and aperiodic Markov chains are called
ergodic.

Theorem (Fundamental Theorem for Ergodic Markov Chains)

For every ergodic Markov chain, independently of the initial state,
lim g =,

t—00

where 1 is the unique stationary distribution of the chain.
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Finally we started to look at Google's PageRank algorithm
which is used to rank search results

{5 Markov Chain x § @ My 3
AlMode All Images Videos Shopping Shortvideos Forums More ~ Tools ~
- Wikipedia A
‘ https://en.wikipedia.org » wiki » Markov_chain : @8 "
Markov chain \ED
a Markov chain or Markov process is a stochastic process describing a sequence “‘G

of possible events in which the probability of each event depends only on the ...

People also ask

What is a Markov chain in simple terms? v
Is ChatGPT a Markov chain? v
Is a Markov chain Al? v
What is an example of a Markov chain in real life? v
4 Al Overview

Markov Chain Transition Probabilities

A Markov chain is a mathematical system that models a

sequence of possible events, where the probability of moving to VA
>—< —b—d—‘

any next state depends only on the current state and not on the

path that led to it. This core concept is known as the Markov > <

property or the "memoryless" property. w Wikipedia +3




This week we introduce Continuous-Time Markov chains
and start to look at Queuing Theory

Today’s plan Continuous-time Markov chains

Queuing theory: The beginning



